In this paper, we derive a general mixed (bright-dark) multi-soliton solution to a one-dimensional 
Introduction
The investigation of multicomponent nonlinear systems has received much attention in recent years. [1] [2] [3] [4] Of particular concern is the multicomponent generalization of the nonlinear Schrödinger (NLS) equation, namely, the vector NLS equation. [3] [4] [5] Particularly, it has been shown that multicomponent bright solitons undergo shape changing collisions with intensity redistribution. [6] [7] [8] [9] [10] [11] This interesting collision feature has been widely studied in real physical systems such as nonlinear optics and Bose-Einstein condensates. [12] [13] [14] [15] [16] The long-wave-short-wave resonance interaction (LSRI) is a fascinating physical process, in which a resonant interaction takes place between a weakly dispersive long-wave (LW) and a shortwave (SW) packet when the phase velocity of the former exactly or almost matches the group velocity of the latter. The theoretical investigation of this LSRI was first done by Zakharov 17 on Langmuir waves in plasma. In the case of long wave propagating in one direction, the general Zakharov system was reduced to the one-dimensional (1D) Yajima-Oikawa (YO) equation. 18 This model equation also appears in diverse areas that include hydrodynamics, 19 nonlinear optics, 20, 21 biophysics 22 etc. The 1D YO system is integrable by the inverse scattering transform method 18 and admits both bright and dark soliton solutions. 23, 24 The rogue wave solutions to the 1D YO system have recently been derived by using the Hirota's bilinear method 25 and Darboux transformation. 26, 27 In the present paper, we consider a general multicomponent 1D YO system 28 iS ( )
which describes the dynamics of nonlinear resonant interaction between a LW (L) and multiple (say M) SWs (S ( ) ) in one-dimensional case. Hereafter, we refer to the above multicomponent system as the (M+1)-component YO system. It was pointed out that the (2+1)-component YO system can be deduced from a set of three coupled NLS equations governing the propagation of three optical fields in a triple mode optical fiber by applying the asymptotic reduction procedure. 29 Eqs.
(1) has been derived to describe the interaction between a quasi-resonance circularly polarized optical pulse and a long-wave electromagnetic spike. 30 In the context of the many-component magnon-phonon system, such multicomponent YO-type system has also been proposed and its corresponding Hamiltonian formalism was studied. 31 Also, the authors in ref. 29 have carried out Painlevé analysis for Eqs. (1) and obtained the general bright N-soliton solution in the Gram determinant form. Later on, they constructed an extensive set of exact periodic solutions in terms of Lamé polynomials of order one and two. 32 The rogue waves of the (2+1)-component YO system with σ 1 = σ 2 = 1 have been reported in Ref.
. 33 It is worth mentioning that the KP-hierarchy reduction method to derive soliton equations as well as their solutions was developed by the Kyoto school. 34 A number of soliton equations such as the NLS equation, the modified KdV equation, and the Davey-Stewartson equation can be reduced from the KP-hierarchy. Indeed, the multicomponent YO system (1) with same nonlinearity coefficients σ (all σ l = 1,or σ l = −1) was derived from the KP-hierarchy in. [35] [36] [37] In particular, general (pseudo-) reductions of the two-dimensional Toda lattice hierarchy to constrained KP systems with dark soliton solutions were introduced in 38 and reductions to constrained KP systems with bright soliton solutions from the multi-component KP hierarchy were introduced in. 39 For the (1+1)-component YO system (when M = 1 in Eqs. (1)), the detailed interpretation of how to obtain the Wronski-type bright and dark soliton solutions by using the reduction technique was presented in Ref.
. 40 By applying this method, general dark-dark soliton solution was derived in a coupled focusing-defocusing NLS equation. 41 Recently, one of the authors 42 has constructed general bright-dark N-soliton solution to the vector NLS equation of all possible combinations of nonlinearities including all focusing, all-defocusing and mixed types. In a previous study, 28 we have obtained both the Gram-type and Wronski-type determinant solutions of N dark-soliton for
Eqs. (1).
The goal of this paper is to construct general bright-dark multi-soliton solution to the multicomponent YO system (1). The rest of the paper is arranged as follows. In section 2, we deduce two types of general mixed soliton solution, which include two-bright-one-dark and one-bright-twodark soliton for SW components, to the (3+1)-component YO system by using the KP-hierarchy reduction technique. In section 3, general bright-dark soliton solution consisting of m bright solitons and M − m dark solitons to the multicomponent YO system (1) is obtained by generalizing our analysis. We summarize the paper in section 4.
General mixed-type soliton solution to the one-dimensional (3+1)-component YO system
Prior to presenting the general mixed-type soliton solution for Eq.(1), we first consider the 1D
where σ = ±1 for = 1, 2, 3. For three short-wave components, there exist two kinds of mixedtype vector solitons (two-bright-one-dark and one-bright-two-dark). Hence, in the subsequent two subsections, we will construct these two types of soliton solutions, respectively.
Two-bright-one-dark soliton for the SW components
In this case, we assume that the SW components S (1) and S (2) are of bright type and the SW component S (3) is of dark type. By introducing the dependent variable transformations
equations. (2) are converted into the following bilinear equations:
where g (1) , g (2) and h (1) are complex-valued functions, f is a real-valued function, α 1 and ρ 1 (ρ 1 > 0) are arbitrary real constants and * denotes the complex conjugation hereafter. The Hirota's bilinear differential operator is defined by 43
In what follow, we will show how the (3+1)-component YO system and its mixed type multisoltion solution can be obtained from three-component KP hierarchy by suitable reductions. To this end, we firstly present tau functions of the Gram determinant form in three-component KP
where I is an N × N identity matrix, A and B are N × N matrices whose entries are
and 0 is a N-component zero-row vector, Φ, Ψ, ϒ,Φ,Ψ andῩ are N-component row vectors given
,
Here p i ,p j , q i ,q j , r i ,r j , ξ i0 ,ξ j0 , η i0 ,η j0 , χ i0 ,χ j0 and c 1 are complex parameters. Based on the Sato theory of the KP hierarchy, 34 one can find that the following bilinear equations are satisfied by the above tau functions
Here we omit the proof of the above bilinear equations, which can be given by using the Grammian technique. 43, 44 Instead we carry out the reduction process to obtain bilinear form (4) of the (3+1)-component YO system. By setting x 1 , x
1 are real, x 2 , c 1 are pure imaginary and by letting p * j =p j , q * j =q j = r * j =r j , ξ * j0 =ξ j0 , η * j0 =η j0 and χ * j0 =χ j0 , one can check that
Furthermore, we can define
and thus the bilinear equations (8) become
Next, we conduct the dimension reduction by rewriting f as
via performing row and column operations, where A and B are N × N matrices defined as
Therefore, under the reduction conditions
i.e., 1
the following relation holds
and thus one can get
and its derivative with respect to x 1 ,
On the other hand, the last three bilinear equations in (9) expanded as
and
give
by referring to Eqs. (16)- (17).
Applying the variable transformations
i.e.,
and taking c 1 = iα 1 , the first three equations in (9) become the first three bilinear equation in (4) and Eq. (20) is nothing but the last bilinear equation in (4).
Lastly, let e η i0 = c
N ) and
N ), one can arrive at the general mixed solition (two-bright-one-dark soliton for SW components) solution to the 1D (3+1)-component YO system,
where A, A (1) and B are N × N matrices whose entries are
, and φ and C k are N-component row vectors given by
are arbitrary complex parameters.
One-soliton solution
To obtain the single soliton solution, we take N = 1 in the formula (22) . The Gram determinants read f = a 11 1
where
for k = 1, 2. Then one can write the above tau functions as
with
It is necessary to note that this mixed soliton solution is nonsingular only when e 2R(1,1 * ) > 0.
The above tau functions lead to the one-soliton solution as follows
where θ 1 = θ 1R + iθ 1I , the suffixes R and I denote the real and imaginary parts, respectively. The
2 e −R(1,1 * ) , k = 1, 2 represent the amplitude of the bright soliton in the SW components S (k) and the real quantity 2p 2 1R denotes the amplitude of soliton in the LW component −L. For the dark soliton in the SW component S (3) , |S (3) | approaches |ρ 1 | as x → ±∞, and the intensity is |ρ 1 | cos φ 1 . As an example, we illustrate the mixed one-soliton at time t = 0 in Fig. 1 for the nonlinearity coefficients (σ 1 , σ 2 , σ 3 ) = (1, −1, 1). The parameters are chosen as ρ 1 = 1, α 1 = 2, 
where The above solution contains both singular and nonsingular solutions. To assure the nonsingular solution, the denominator f needs to be real and nonzero. The expression for f can be rewritten as
Combining the requirement for the existence of one-soliton solution, we can conclude that the con- (1) and S (2) , respectively, one is elastic collision (2), the other is inelastic collision (3). In addition, soliton bound states are one class of special multisoliton solutions, in which multiple solitons move with the same velocity. By assuming p i = p iR + ip iI , one can obtain the mixed two-soliton bound state from (32)-(34) with the restriction p 1I = p 2I . To demonstrate such a bound state, we choose the parameters as ρ 1 = 1, Fig. 4 (d) .
One-bright-two-dark soliton for the SW components
In this subsection, we assume the SW component S (1) is of bright type and the SW components S (2) and S (3) are of dark type. The dependent variable transformations
convert the (3+1)-component YO Eqs. (2) into the following bilinear equations:
where g (1) , h (1) and h (2) are complex-valued functions, f is a real-valued function, α l and ρ l (ρ l > 0; l = 1, 2) are arbitrary real constants.
Here the bilinear form of the (3+1)-component YO system (37) is viewed as a reduction of two-component KP hierarchy. To this end, we start with the tau functions expressed in Gram determinants as follows
where Φ, Ψ,Φ,Ψ are N-component row vectors defined previously, A and B are N × N matrices whose entries are
Here p i ,p j , q i ,q j , ξ i0 ,ξ j0 , η i0 ,η j0 , c 1 and c 2 are complex parameters. Based on the Sato theory for the KP hierarchy, 34 the above tau functions satisfy the bilinear equations
Next we perform the reduction process to obtain the bilinear equations (37) . We first consider the complex conjugate reduction by setting x 1 , x
1 to be real, x 2 , c 1 c 2 to be pure imaginary and by letting p * j =p j , q * j =q j , ξ * j0 =ξ j0 , and η * j0 =η j0 . Then, it is easy to see that
Thus, it then follows
the bilinear equations (40) become
Similar to the two-bright-one-dark soliton case, we can show that if q i satisfies
one can get the following relation
On the other hand, the last three bilinear equations in (41) expanded as
by referring to Eqs. (45)- (46 In summary, we complete the reductions from the bilinear equations in (40) to the ones in (37) . Thus, we are able to construct general mixed soliton (one-bright-two-dark soliton for SW components) solution to the the 1D (3+1)-component YO system,
where A, A (l) and B are N × N matrices whose entries are
, and φ and C 1 are N-component row vectors given by
2 , · · · , c 
One-soliton solution
By taking N = 1 in the formula (50), we get the Gram determinants
These tau functions can be rewritten as
with e 2R(1,1 * ) = iσ 1 c
. Note that this mixed soliton solution is nonsingular only when e 2R(1,1 * ) > 0.
In this case, the one-soliton solution has the following form
2 e −R(1,1 * ) represents the amplitude of the bright soliton in the SW components S (1) and the real quantity 2p 2 1R denotes the amplitude of the soliton in the LW component −L. For the dark soliton in the SW components S (2) and S (3) , |S (l+1) | approaches |ρ l | as x → ±∞, and the intensity is |ρ l | cos φ l for l = 1, 2. When α 1 and α 2 take different values, there are two cases: (i) α 1 = α 2 . In this case, φ 1 = φ 2 means dark solitons in SW components S (2) and S (3) are proportional to each other.
Thus this situation is viewed as degenerate case for dark solitons. (ii) α 1 α 2 . The condition φ 1 φ 2 implies that dark solitons in SW components S (2) and S (3) have different degrees of darkness at the center. In this situation, the SW components S (2) and S (3) are not proportional to each other. We illustrate such degenerate and non-degenerate cases for the choice of the nonlinearity coefficients Fig. 5 . The parameters are chosen as 
(1) * i dertakes elastic collision without shape changing. This feature is the same as the one of the mixed soliton solution including one-bright-two-dark soliton for SW components in 2D (3+1)-component YO system. 46 In Fig. 6 , we exhibit this mixed-type soliton solution under the same nonlinearity coefficients with Fig. 5 and the parameters are given as Fig. 7 (d) .
Here we need to point out that N-soliton bound state can be formed in both above mixed soliton solution for arbitrary combination of the nonlinearity coefficient σ ( = 1, 2, 3 ). More specifically, if the wave number for the i-th soliton among an N-soliton solution is p i = p iR + ip iI , then θ iR = p iR (x + 2p iI t) + θ i0R , which suggests that the velocity for the i-th soliton is −2p iI .
Thus a multiple bound state in which solitons move with the same velocity only requires all the p iI to be the same. However, higher-order soliton bound state cannot exist in the soliton solution comprised of all dark soliton for the SW components. As reported in, 28 due to the existence of the parameter constraint in general multi-dark soliton solution, only two-dark-soliton bound state is possible under the condition that the nonlinearity coefficients σ take different signs. Furthermore, by performing the complex conjugation and dimension reductions, these bilinear equations become ones of multicomponent YO system. Meanwhile, the general bright soliton solution can be reduced from the tau functions of the KP hierarchy. The details are omitted and we only provide the final result here.
To seek for mixed multi-soliton solution consisting of m bright solitons and M − m dark ones for SW components, the 1D multicomponent YO system is first converted to the following bilinear
through the dependent variable transformations:
where α l , β l and ρ l (ρ l > 0) are arbitrary constants.
Similar to the procedure discussed in Section 2, one can obtain mixed multi-soliton solution as follows: 
As reported in, 47 the arbitrariness of nonlinearity coefficients σ increases the freedom resulting in rich mixed soliton dynamics. Here the present solution admits mixed N-soliton in the 1D multicomponent YO system for all types of nonlinearity coefficients, including positive, negative and mixed types.
The formula for general mixed soliton solution can be generalized to include all bright and all dark soliton solutions, which is the same as the vector NLS equation. 42 More specifically, the 
Due to a simple determinant identity shown in, 42 this form of dark soliton solution coincides with the one in. 28 
Summary and conclusion
We have constructed the general bright-dark N-soliton solution to one-dimensional multicom- For the dynamics of the mixed solitons, in parallel with the 2D multicomponent YO system, 46 the energy exchanging collision of mixed solitons can be realized only in the bright parts of the mixed solitons and is possible only if the bright parts of the mixed solitons appear at least in two SW components. Such an interesting phenomenon can also be found in 1D (3+1)-component YO system as discussed in previous section, as well as in the 1D multi-component YO system.
In addition, the related analysis regarding mixed-soliton bound state in 1D (3+1)-component YO system implies that arbitrary higher-order mixed-soliton bound state in 1D multi-component YO system can also be formed.
